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Abstract

A finite difference scheme of Scharfetter—Gummel type is used to simulate a consistent energy-transport model for elec-
tron transport in semiconductors devices, free of any fitting parameters, formulated on the basis of the maximum entropy
principle.

Simulations of silicon n*—n-n" diodes, 2D-MESFET and 2D-MOSFET and comparisons with the results obtained by a
direct simulation of the Boltzmann transport equation and with other energy-transport models, known in the literature,
show the validity of the model and the robustness of the numerical scheme.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In today semiconductor technology, the miniaturization of devices is more and more progressing. As a con-
sequence, the simulation of submicron semiconductor devices requires advanced transport models. Because of
the presence of very high and rapidly varying electric fields, phenomena occur which cannot be described by
means of the well-known drift-diffusion models, which do not incorporate energy as a dynamical variable.
That is why some generalization has been sought in order to obtain more physically accurate models, like
energy-transport and hydrodynamical models. The energy transport models which are implemented in com-
mercial simulators are based on phenomenological constitutive equations for the particle flux and energy flux
depending on a set of parameters which are fitted to homogeneous bulk material Monte Carlo simulations.
However, a more satisfactory physical description should be based on relating the parameters appearing in
the constitutive laws to the fundamental scattering properties of electrons with phonons and impurities [1].
In [2-4] a model free of any fitting parameters has been developed for the electron transport in silicon, where
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the parameters appearing in the constitutive laws are directly related to the collision operators of the semiclas-
sical Boltzmann transport equation for electrons in semiconductors. Such a model is based on the maximum
entropy principle (hereafter MEP), takes into account all the relevant scattering mechanisms in Silicon, i.e.
scattering of electrons with acoustic and non-polar phonons and with impurities, and has been formulated also
for non-parabolic bands. The model is represented, apart from the Poisson equation for the electric potential,
by a hyperbolic quasilinear system of balance law. In [4], it has been shown that it is possible to recover an
energy-transport limiting model which is equivalent in the stationary case to the original one, at least for
smooth solutions.

This energy-transport model (hereafter MEP ET model) model has been tested in [5] both in one-dimen-
sional problems, like n"—n—n" diodes, and 2D problems, like a 2D MESFET and MOSFET, by using for
the numerical integration a mixed finite element scheme [6,7] based on the lowest order Raviart-Thomas ele-
ments. This required the formulation of the model in terms of the dual entropy variables, that give rise to cou-
pled nonlinear discretized equations whose numerical treatment must be done with great accuracy. In
particular the choice of the mesh is crucial for the convergence of the scheme.

Here we formulate a numerical scheme suited for the MEP ET model which is based on an exponential
fitting like that employed in the Scharfetter—Gummel scheme for the drift-diffusion model of semiconductors.
The basic idea is to split the particle and energy density currents as the sum of two terms. Each of them is
written by introducing suitable mean mobilities in order to get expressions of the currents similar to those aris-
ing in other energy-transport models known in the literature [8—12]. The original variables (density, energy and
electric field) are used and a simple explicit discretization in time proves satisfactorily efficient avoiding the
problem related to the high nonlinear coupling of the discretized equations of [5]. In fact as explained in detail
in Section 3, the CFL condition on the time step, even if of parabolic type, is not very restrictive for reasonable
meshes. The computational effort is comparable with that of the schemes in [5], retaining the same accuracy of
the solution.

The method is very stable and robust and guarantees a good numerical current conservation.

A comparison with direct simulations of the Boltzmann equations for electron transport in semiconductors
confirms the results obtained in [5] that the MEP one gives results that are more accurate with respect to the
standard energy-transport models, usually employed in commercial simulators.

The numerical discretization of energy-transport models is itself an active area of research (the interested
reader is referred to [13] for a complete review). A finite difference scheme based on a Scharfetter type discret-
ization has been used in [14]. Finite difference schemes with entropy-decaying property have used in [15], while
compact scheme of fourth-order have been employed in [16]. In [17] a mixed finite-volume techniques have
been used. Apart the above mentioned article [6,7], other schemes based on the mixed finite elements have
been used in [18,19]. They are based on the finite elements proposed in [20]. In [21] an adaptive formulation
has been also given. The above mentioned schemes have been applied to the standard energy-transport known
in the literature. Their application to the MEP energy-transport model requires major modification and it is an
open problem.

The paper is organized as follows. In Section 2 we give a brief presentation of the model. In Section 3 the
model is reformulated in terms of average mobilities and the numerical scheme is presented. In the remaining
sections the validity of the model and robustness of the scheme is shown by simulating first a one-dimensional
n'—n-n" silicon diode and then, in the last two sections, a silicon MESFET and MOSFET in the two-dimen-
sional case.

2. The MEP energy-transport model in the Kane dipersion relation case

In this section we give a sketch of the energy-transport model based on MEP. For more details the inter-
ested reader is referred to [2-4].

One assumes that the conduction band is described around each minimum (valley) by the Kane dispersion
relation approximation

ﬁ(k)[lﬁ—aéa(k)]:%, k e R’ (1)
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where & is the electron energy, m” is the effective electron mass, 7k is the crystal momentum, 7 is the Planck
constant divided by 2r and o is the non-parabolicity factor (¢ = 0.5eV "' for Silicon).

The energy-transport model, obtained for silicon semiconductor in [4,22] starting from the hydrodynamical
model based on the maximum entropy principle [2,3], is given by the following set of balance equations for the
electron density n and energy W, coupled to the Poisson equation for the electric potential ¢

on .

= +div(nV) =0, (2)
6(};?/) + div(nS) — ngV - V¢ = nCy, (3)
le(EV(]ﬁ) = —q(ND - NA - n), (4)

where Np and N, are the donor and acceptor densities respectively, ¢ is the (positive) elementary charge, e is
the dielectric constant while div and V are the divergence and gradient operators.
The evolution equations are closed with the constitutive relations for the velocity V and the energy-flux S

V =Dy (W)Vlogn + Diu(W)VW + Di3(W)Vé, (5)
S = Dy (W)Vlogn + Dn(W)VW + Dys(W)V . (6)

The elements of the diffusion matrix D = (Dj) read

! !
cnU —cpF U — cpF ¢y —cpG
Dl]:—, D]zzi, D13=—6]—,
C11C — C12€21 C11C — C12€21 C11C22 — C12C21
! ! 0
cuF —cU cuF — e U e —enGY
Dy=——"—— Dp=—"—"""— Dp=q————.
C11C22 — C12C2y C11C22 — C12C2g C11C22 — C12C2g

All the coeflicients ¢;; and the functions U, F, G depend on the energy W. The prime denotes derivative with
respect to W.

The energy production term has a relaxation form Cy = —% where 1) is the energy relaxation time,
which depends also on W, and W, = 3/2kgT is the energy at equilibrium, with 77 the lattice temperature,
here assumed to be constant.

The expressions of U, F, G, Cy, c; D;; have been obtained in [2,3] both for parabolic band and Kane’s
dispersion relation. In the case that the conduction energy bands of electrons are described by the Kane dis-
persion relation, the expressions of U, F, G Cy, c¢;;, D;; require a numerical evaluation of some integrals. These
computations have been done in [2,3] and, in order to improve the efficiency of the simulation code, numerical
tables have created for U, F, G Cy, c; Dy In the code from the discrete data the values of interest are
obtained by interpolation with splines. The integral expression of U, F, G Cy, c¢;;, D is reported for the sake
of completeness in Appendix A along with the values of the physical parameters used in the simulations.

Here we report an important relation which will be of crucial importance in the sequel

Proposition 1
1 G
V= e

where )" is the Lagrangian multiplier relative to the energy.

Remark. 1" enters in the derivation of the model (the interested reader is referred to [23] and references
therein). Its thermodynamical meaning is linked with the definition of non-equilibrium temperature 7" accord-
ing to statistical mechanics

AW:L
kT’

where kg is the Boltzmann constant.
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The results we get with the MEP energy-transport model will be compared with those obtained by a deter-
ministic simulation of the Boltzmann transport equations [24], the Stratton classical energy-transport model,
which is employed in several commercial simulators, and the standard drift-diffusion one. Other energy-trans-
port models have been also proposed [8,10-12] but as proved in [5] a comparison with Monte Carlo data
shows that the Stratton one gives the best results.

For the sake of completeness we report also Stratton’s energy-transport and drift-diffusion models in order
to fix expression of the free parameters and function as mobilities and energy relaxation time.

In the Stratton model the energy is related to the electron absolute temperature 7' by the monatomic gas

equation of state
3

W =—kgT

2 BL,

while fluxes and energy relaxation time are given by

_%(kBT — kBTL)

Cp=—-*40—"——"= 7
w P ) ( )
en
V = -] - 8
n ,u0<Vn kBTVqS), (8)
3.

nS = —Eﬂo[v(anT) —enVé], 9)
where fip = “*2TL 0 is the low-field mobility and 7 the energy relaxation time, usually taken as a constant.

e

In the simulations we set 7, = 0.4 ps, and po = 1400 cm?/V s that are the values more currently used in the
literature [8-11].

From a theoretical point of view we remark that, apart the MEP model, all the other ones uses among the
fundamental variables the absolute temperature 7. This requires the knowledge on an equation of state
relating 7 to the energy W and it is one of the more controversial question in non-equilibrium thermodynam-
ics. W has a clear meaning at kinetic level as moment of the electron distribution function with respect to the
weight function given by the electron microscopic energy [23], but only for parabolic band, neglecting the qua-
dratic terms, the relation W = 3T is sound in analogy with monatomic gases. In the non-parabolic case, e.g.
when the Kane dispersion relation is used, the equation of state relating 7" and W is given only implicitly as
will be seen in the next section. This casts serious doubts on the appropriateness of the standard formulation
of the energy-transport models which is not naturally generalizable to the non-parabolic case.

At last we report also the standard drift-diffusion model

% +div(nV) = 0, (10)
J=-D,Vn+u Ve (11)

with D, diffusion coefficient and p,, field-depend mobility.
We assume the validity of the Einstein relation

kgTy
D,=u P

n

and use for the mobility the Caughey—Thomas formula [30]

—1/2
E 2
L+ (5]
Us

where the previous values of y is used for consistency while v is taken as 107 cm/s.

Wy = Ho

)

3. The numerical method

First we rewrite the current density J = nV and the energy-flux density H = 1S given by
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as
J=J0 _ J(2)7 H=HY — H(Z)7 (14)
where
J0 = % [V(nU) — g’ UV, IO = % [V (nF) — gni” FV ), (15)
HY = % V(nF) — qui"Fv¢], H® = C—g [V(nU) — qni” UV )] (16)

with D = C11C22 — C12€21.

The basic idea is to introduce suitable average mobilities that are constant in each cell so that J® and H",
i=1,2, can be expressed by means of /ocal Slotboom variables.

For the sake of clarity first we treat the one-dimensional case and then present the discretization in the two-
dimensional case.

3.1. Discretization in one space dimension

Let us suppose that the equations are definite on the real interval [0, L], with L > 0 the length of the device,
and introduce the grid point 0 = xo < x; <---x; <---xy_; < xy = L, with N a positive integer. For simplicity
we assume a uniform grid so x; =i & with 4 = L/N, and uniform time steps. Moreover we set I;11/5 = [X/, Xj+1]
and x;11/> = x; = /2. In the sequel the notation ! will indicate the value of the variable u(x,¢) for x = x; and
t = IAt, [ being a positive integer.

By replacing the partial derivatives with finite differences, the balance equations (2)—(4) can be discretized as

1+1 !

. — n. Ji 7;],‘,
n; N n; n +1/2 ; 1/2+O(h2,At) —0, (17)
(W) — (nW)! +Hi+l/2 —Hip qu/z +Jiip Gy — ¢y
At h 2 2h
3 W, —W, 5
+Im—— 24 O, At) =0, 18
A OV A (18)
1
3 (Bt =20+ 1) +2(Cl—n) + O(K) =0, (19)

where C; = Np(x;) — Na(x;). The variables with no temporal index must be considered evaluated at the time
step ¢ = /At. We remark that the discretization of Eq. (19) is valid for constant e. It is straightforward to take
into account a space dependent e.

In order to complete the numerical scheme we must evaluate the current J;1 i/, and Hiyy».

We approximate the electric potential ¢ by piece-wise linear function in each 71/,

d(x) = ¢+ (x =x)Py, X E€Liap

and c;{ W) by functions that are constant on each interval /;1/,. This enable us to introduce the /ocal/ mobil-
ities, similar to those employed for other energy-transport models (see [13,25])

2 C12

gllz_Ba 8122—3’ (20)
Ci1 C12

g21:_67 g21:_6 (21)

and write the significant components of J and H" as
, og,;, - 0
J0 o~ B g7, a—¢7 22
X

Ox
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) 0gy; - 0¢
H(l) ~ _ 2i /IW ) 23
ax + q g2l ax ) ( )
where 27 is the cell mean value of 1", we approximate as
- 1
/LW ~ E I:)\.W(Wl') + )"W(WH»I)] . (24)

After introducing Uy = 1/¢2", which plays the role of a thermal potential, and indicating by Uy its constant
approximation in each cell /;1,, it is possible to define the local Slotboom variables

sir = exp(=¢/Ur)g
that satisfy

Osy, _
g)lc ~ —exp(—¢/Ur)J", (25)
055, _

g; ~ —exp(—¢/Tr)H". (26)

In each cell J;;,/, we can express J as a Taylor expansion
. oJ )
JOx) = I8+ (= xi1) (§> L o). (27)
Xit1/2
By integrating (25) and (26) over I;1/, we find up to O(4?)

(Slr)[+1 — (1), = _/ exp(_d)/ﬁr)‘]l(':')lﬂ dx.

By taking into account that ¢(x) is linear in / f;)] /2> the last integral can be evaluated, obtaining

r (:bil_d)if,_ —¢. 1 /Ur\—1
J,&)l/z — +7T (e $is1/Ur _ @ (bm/UT)

which, after some elementary algebra can be written as

r rlivl rli Pigt T (81r);
J§+)1/2 _ —zcothz(gl )+1h (g1r) —l—z(gl )+1h (g1r) ’

r=1,2 (28)

with z = %;‘P‘ If z =0, that is if ¢+ = ¢;, the previous expression remains valid provided that zcoth z is re-
placed with the limit as z +— 0 which is equal to one.
Similarly for the energy density current one finds

HEQI/Z _ _Zcothz(ng)i+lh_ (ng)i +z (ng)iJrlh_'_ (ng)i , r= 1’ 2. (29)

Formulas (28) and (29) are nonlinear exponential fittings similar to that introduced by Scharfetter and Gum-
mel for the drift-diffusion equations (see [26]).
The complete numerical scheme is summarized below

I I AtJm/z —Jic1p2 _0

n =n, p , (30)
() = () — At Hip ;Hi—l/Z _ qu+1/2 -;JH/z Vi 2—h Vi %ni WET:V)I:VO 7 (31)
(b =20+ 0) + L€ - m) =0, (32)
Jiv12 = JEBI/Z _in)l/zv Hipp = ng)l/z - Ht(i)l/b (33)
JS?I/Z _ —zcothz(glr)Mh_ (81,); +Z(g1r)i+1h+ (glr)i’ r=1,2, (34)
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HEQI/Z _ —ZCOch(gzr)i+1h_ (ng)i +Z(g2r)i+1h+ (ng)i, = 172 (35)

supplemented with a CFL condition A#/(Ax)*> < ¢, where ¢ is a suitable positive constant.

Remark. The theoretical value of the constant ¢ is difficult to obtain in an explicit way. Estimations have been
obtained with numerical experiments, but a rough idea of the numerical value of ¢ can be deduced from the
drift-diffusion limit model (10) in the linear approximation where the classical parabolic condition

D, At 1
(Ax)*
holds.

If we express the time in picoseconds and the length in pm, for a mesh of 100 points in a device of 0.1 um,
one has in such units Ax = 10~* and the CFL condition reads

At < 0.138 x 1073 = 0.138Ax

(we recall that D, = “OkBT L and set po = 1400 cm?/V s and kgT/e = 0.0259 eV). Therefore for grids which are
not too fine, practlcally the CFL condition is as that of hyperbolic type. Since the two diffusion coefficients
in the energy-transport model are of the same order of D,, this justifies the efficiency of the simple explicit
scheme in time.

The following proposition gives an estimate of the truncation error for smooth solutions.

Proposition 2. The leading truncation errors Ry and R, in Egs. (30) and (31), respectively, satisfy for sufficiently
regular solutions the estimates
3

o
IR| < O(#? )max 2| T 04, (36)
0% o’H g
< O(r A
[Ro] < O(k) max (ggi( o2 g{%q e erL Gx( -0 ) +0(), (37)

where O(h?) is a positive term of second order in h and O(At) a positive term of first order in At.

Proof. The estimates are consequence of the elementary relations

J(’l +JY o*J

R V- 2 3
SR SRR ) 4 h<62>+0(h)
iy —Piny 1 ,(PE 3
Pt = ) — g (5 ) 0w

and the more accurate approximations

r (g r)i B (g r)i (g r)i + (g r)i azJ(r)
JU), ), = —zcothz==! - L - i o(r?) - . or=1,2,
i+1/2
r (g r)i - (g r)i (g r)i + (g r)i azH(r>
H§+)1/2 = —zcothz-22 Hh ZZINEPALE Hh %L O(h?) o , r=12. O
Xit1/2

3.2. Discretization in two space dimension

The previous scheme can be generalized in order to deal with two-dimensional space problems. We intro-
duce the grid points (x;,y;) with x;;; — x; = h = constant and y;;; — y; = k = constant, and the middle points
(Xp, Vjir12) = (x5p; £ k/2) and (x;11/2,¥;) = (x; £ h/2,y;). A uniform time step Ar is used and we set
u!, = u(x;,y;,[Ar) as in the one space dimension.

ij
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By indicating with J, and J, the x- and y-component of the current density J and by H, and H,, the x- and
y-component of H, we discretized the balance equations (2)—(4) in the bidimensional case as

Bl ()i — Uiy O)ijnn — )iy
n; = n; +( Jiv1/2 - (/) 1/2.,./+( Vi1 - Uy 1/2+o(h2,k2,Ar) =0, (38)
(nW)l{H _ (nW),l N (Hx)i+l/2,j - (HX),;]/ZJ " (Hy)i,j+1/2 - (Hy)i,j—l/2
At h k
—q (Jx)m/z,j + (‘]X)[fl/lj Piv1y — Pi1y —q (Jy)'?fﬂ/z + (Jy)ifl/z Pijir — Pij
2 2h 2 2k
3 W, =W
+ S 0L O, K2, Ar) =0, (39)

Ty 70
2 (TW)I‘,,/
1 1
P (¢i+1.j - 2¢i,f =+ ¢i—1‘j) =+ P
The variables without temporal index must be considered evaluated at time level /.
Again we need the values of the components of the currents in the middle points. Let us introduce the sets

(see Fig. 1)

Livip, = [xiaxiﬂ] X [yjfl/27yzlj+l/2}a Lijipp = [xi—l/zaxfﬂ/z] X [yj?yj+1]

(¢i,j+1 - 2¢i‘j + d)i,jfl) + % (Czlj - ”l}j) + O(hzvkz) =0. (40)

and expand Ji’), r=1,2, in Taylor’s series in I;y />,

0 ® aJ ") oJ "
SO0 = Uyt =) (5) 0= (F)  +omnan
i+1/2, Y/ i1)2,

and JS,”, r=1,2, in Taylor’s series in ;1>

. " s "
J (x,y) = (Jy )I:J-H/z + (x —x;) Ox + _J’j+1/2) a)y} + O(Ax, Ay).
ij+1/2 ij+1/2

In terms of the Slotboom variables one can write
Vsi, ~ —exp(—¢/Ur)J", Vs ~ —exp(—¢p/Ur)H”, r=1,2. (41)

From the x-component of (41);, one has

0,9 ‘
*gY) | CRN)
k * ©
| \
! !
X5Yj1r2) R/ ! !
| |
B et e *,- - - - - | |
! !
| |
! !
(g% : (Y170 :
¥ | ¥* |
) (,0%) 1 |
! !
\ \
| |
R e N [ [
\ \
(xi,yi_”z) (xi,yi_1 ) : :
* * o
(g9 : : (1Y)
)

Fig. 1. Stencil for the evaluation of the currents. On the left the set /;11/;, on the right the set 7; ;1. The currents are evaluated at the grid
points denoted with *.
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aslr(x7y‘) - f
Tj == exp(—qb/UT)J)(c )(xayj)
X
T4 (g oy
= —enp(= /T U+ =) () +Oax A, )
X Jiv1)2,
which, after integration over [x;, x;+;] and some algebra similar to that of the one space dimensional case, gives
7 (glr)i i (glr)i j (glr)i T (glr)i j
(! >),-+1/2J = —Zit1/2 COtthl/Z‘j% + Ziv1/2, H‘jh L, r=12, (43)
where z;41/,,; = L%;d)” .
Likewise by evaluating the y-component of (41), and integrating over [y;, y;+1] we find
. (g r)i j - (g r)i / (g r)i - + (g r)i j
(J}())))i,j+l/2 = —Zij+1)2 Cothzi‘j+l/2 : J+1k 1_71 + Zij+1/)2 : «,]Jrlk e , = 1727 (44)

where z; ;1)) = % With the same procedure the following discrete expression for the components of the
energy flux are obtained:

. (g2r)' i (ng)iﬂ (g2r)i j + (ng)' j
(H,i’))m/zj = —zip1p c0thzipy IH‘Jh Ltz H‘jh <, (45)
gri‘ _grj_' gri‘ +gri‘
(H;r)),:jﬂ/z = —Zijt1)2 COchi,/+1/2( ) ‘”lk &2y +Zi,j+1/2( ) ’]Hk (82 <, r=12. (46)

The error in formulas (43)—(46) is O(h, k).

Remark. In the bidimensional case the discretization of the Poisson equation leads to a linear algebraic system
whose structure depends on the specific boundary conditions one is dealing with. Some standard methods can
be used (e.g. see [27]), but an accurate treatment is needed to achieve a good convergence rate. A practical
alternative is to use a false transient method which consists in replacing the original Poisson equation with the
time dependent one

¢, — div(eVp) = gq(Np — Na — n). (47)

The solution of (47) as t — +oo is the same as that of the original Poisson equation, at least in the smooth
case.

If we introduce a time step Az e set ¢y = ¢(xi, ;s rAt), (47) can be discretized in an explicit way as

s r s 1 1
¢ij+1 = (b,-j + €At ﬁ (¢i+l,j - 2(]513/ + qsi—l,j) + E (¢iJ+l - 2¢i,j + qszlj—l) + Q(Cﬂj - I’l,-‘,-) (48)
with the notable advantage to take easily into account the different types of boundary conditions, that will be
considered in more detail in the next sections. The price to pay is that at each time step, we need to reach the
stationary state of (47) by using a time step satisfying the CFL condition, usual for parabolic equations,
. 11
2yptie

However the computational effort is comparable with that required by direct methods.

4. Simulation of a n*—n-n" silicon diode

We start to test the numerical validity of our scheme with problems in one space dimension, simulating a
ballistic n"—n-n" silicon diode. The n™ regions are 0.1 pm long with a doping density of 10'® cm ™, the doping
density in n-region is 10'® cm 3, the applied voltage is 1 V while the channel has different lengths: 0.2, 0.05 and
0.025 um. These cases are challenging tests because quantum corrections should be still negligible [28] and a
semiclassical transport description still accurate. Moreover it is important to observe that several quantum
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macroscopic models, e.g. the quantum drift-diffusion or energy-transport ones, are obtained by adding addi-
tional terms to the classical counterpart. Therefore this latter must be already accurate at a semiclassical level.

As boundary conditions we impose, as usual for ohmic contacts, that the density equals the doping and set
the voltage equal to zero and to the bias voltage in the right and left boundaries, respectively. Concerning the
energy we do not require that it assumes the equilibrium value, but impose homogeneous Newmann condition
at the edges of the devices because this choice leads to results in better agreement with a direct integration of
the Boltzmann equation.

The first case is that with the channel 0.2 um long. The stationary regime is reached after about 5 ps. Since
high nonlinearities are present in the scheme, the effective spacial order of convergence can be determined only
numerically. To this end meshes with 48, 96, 192 and 384 cells have been considered. By denoting with uEA),
A=1,2,3, 4 the numerical values of the generic variable u at the grid point Z, obtained with 48, 96, 192 and
384 cells at the stationary regime, the order of convergence p, estimated as

4 A+42
1 In? — nf" )

og
log2 ||ni(A+1) _ n(A+2)||OO

i

has been reported in Table 1. For each variable (density, energy and potential) two estimation of p are indi-
cated: one by comparing the solutions with 48, 96 and 192 grid points, the other by comparing the solutions
with 96, 192 and 384 grid points. Although a full second-order accuracy is not reached, the scheme is robust
and guarantees a superlinear convergence rate whose mean value is about 1.5.

Table 1

Order of convergence for each variable, by comparing several meshes

Meshes Density Energy Potential

48, 96, 192 1.3716 1.5050 1.4398

96, 192, 384 1.5899 1.5572 1.5212
12

1 OsfekioptiotiptioHeseREHsReY

density (1017 cm's)
[

O | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

micron

Fig. 2. Stationary solution for the density (10'” cm™) in the diode with Lc=0.2 um. The stars are the Boltzmann solution, the
continuous line is the MEP model, the dashed and dashed-dotted lines are the Stratton and drift-diffusion models respectively.
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velocity (1 o’ cm/sec)

0 | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
micron

Fig. 3. Stationary solution for the electron velocity (107 cm/s) in the diode with Lc = 0.2 um. The notation is as in Fig. 2.
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Fig. 4. Stationary solution for the electron energy (eV) in the diode with Lc = 0.2 pm. The notation is as in Fig. 2. The result with the
drift-diffusion model is omitted because the energy is kept at equilibrium.
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Fig. 5. Stationary solution for the current (A/cm?) in the diode with Le = 0.2 pm. The notation is as in Fig. 2.

In the sequel of this section only the grid with 96 points will be used because the results are already accurate
enough. In particular the current is well conserved even across the junctions (see Fig. 5).

Concerning the validity of the model we have performed a comparison of the results obtained with the
MEP and Stratton energy-transport model, the drift-diffusion model and a direct simulation of the Boltzmann
transport equation [24]. The results are collected in the Figs. 2-16 for channel length of 0.05 and 0.025 pm.

The MEP model is more accurate than the Stratton one while the drift-diffusion model is not bad, although
the energy is kept at the equilibrium value. The mean error of the Stratton model is roughly twice that of the
MEP model.

The drift-diffusion is, apart the energy, still competitive, if one is not interested in thermal effects. It gives a
poor description of velocity and density in the channel, especially in the shorter devices, but predicts values of
currents with an error comparable with that present in the MEP model. Of course the use of the drift-diffusion
for devices as MOSFETs, where it is crucial the electron dynamics in the channel, is very dubious.

5. Simulation of a 2D silicon MESFET

In this section we check the validity and efficiency of the numerical method by simulating a bidimensional
metal semiconductor field effect transistor (MESFET) with the MEP model. Also in this case the other models
are less accurate of the MEP one, as shown for example in [5].

The shape of the device is pictured in Fig. 17. The device has a 0.4 pm channel. The source and drain depths
are 0.1 um and the contact at the gate is 0.2 um. The distance between the gate and the other two contacts is
0.1 um. The lateral subdiffusion of the source and the drain region is about 0.05 um. The same doping con-
centration as in [29] is considered

3

n, =3x10" ecm~ in the n™ regions,

np(x) — na(x) = {

n_=10"cm™? in the n region

with abrupt junctions.
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Fig. 6. Stationary solution for the electric field (V/um) in the diode with Lc = 0.2 pm. The notation is as in Fig. 2.
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Fig. 7. Stationary solution for the density (10'” cm~) in the diode with Lc = 0.05 pm. The notation is as in Fig. 2.
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Fig. 8. Stationary solution for the electron velocity (107 cm/s) in the diode with L = 0.05 pm. The notation is as in Fig. 2.
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Fig. 9. Stationary solution for the electron energy (eV) in the diode with Lc = 0.05 pm. The notation is as in Fig. 2. The result with the
drift-diffusion model is omitted because the energy is kept at equilibrium.
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Fig. 10. Stationary solution for the current (A/cm?) in the diode with Le = 0.05 pm. The notation is as in Fig. 2.
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Fig. 11. Stationary solution for the electric field (V/um) in the diode with Lc = 0.05 pum. The notation is as in Fig. 2.
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Fig. 12. Stationary solution for the density (10'” cm™?) in the diode with Lc = 0.025 um. The notation is as in Fig. 2.
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Fig. 13. Stationary solution for the electron velocity (107 cm/s) in the diode with Lc = 0.025 um. The notation is as in Fig. 2.
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Fig. 14. Stationary solution for the electron energy (eV) in the diode with Lc = 0.025 um. The notation is as in Fig. 2. The results with the
drift-diffusion model are omitted.
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Fig. 15. Stationary solution for the current (A/cm?) in the diode with Le = 0.025 um. The notation is as in Fig. 2.
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electric field (V/micron)

_25 I I I I
0 0.05 0.1 0.15 0.2 0.25
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Fig. 16. Stationary solution for the electric field (V/um) in the diode with Lc = 0.025 pm. The notation is as in Fig. 2.

We take a reference frame with axes parallel to the edges of the device. The numerical domain representing
the MESFET is

Q=10,0.6] x [0,0.2],

where the unit length is in um.
The regions of high doping n" are the subset

[0,0.1] x [0.15,0.2] U[0.5,0.6] x [0.15,0.2].
We denote by I'p that part of 002, the boundary of Q, which represents the source, gate and drain
I'p={(xy):y=02,0<x<0.1,02<x<04,0.5 <x<0.6}.

y (um)
source gate drain
o2 NN 420 NN 0000 —
n+ n+
0.15
n
\ I I \
0 0.1 0.2 0.4 0.5 0.6

X (um)

Fig. 17. Schematic representation of a bidimensional MESFET.
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30]) and, by using the invariance of the electric field with respect to change of the potential with
Ve constants, set

x10°em™, &, =—-0.8V|
ng part 'y of the boundany we have

0, v-VW=0, v-V=0, i=1,02. (51)
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Table 2

Absolute value of current (A/um) at source (I), gate (I,) and drain (Iy) for some values of @, and &,

@y, (V) P, (V) 1 I, Iy
1.5 —.8000 —1.573 .03009 1.586
2.0 —.8000 —1.677 .0091 1.680

The loss of regularity of the solution produces a considerable difference between the absolute value of the
current at drain and source. To overcome this problem we approximate the currents at the contacts through
their values at the middle points
Jn — JgjiiHﬂ +0(k), r=1,2 (53)

e

operating a sort of numerical regularization from the interior. The error is of the order of the mesh size as in
(52) but the problem related to the presence of huge gradients is avoided. With this approach a good charge
conservation is obtained, as shown by the results of Table 2.

6. Simulation of a 2D silicon MOSFET

In this section we check the validity and efficiency of the numerical method by simulating a bidimensional
metal oxide semiconductor field effect transistor (MOSFET). The shape of the device is pictured in Fig. 23.

The device has a 0.2 um channel. The source and drain depths are 0.1 pm and the contact at the gate is
0.15 um. The distance between the gate and the other two contacts is 0.025 um. The lateral subdiffusion of
the source and the drain region is about 0.05 pm. The gate oxide is 0.15 um long and 20 nm thick.

The doping concentration is

n, =107 cm™® in the n* regions,

np(x) — na(x) = {

—p_=—-10"cm™? in the p region
with abrupt junctions.
y (um) gate )
source drain
—— Si0y —
0.4
n+ n+
0.35
p

*4»

0 0.1 0.125 0275 0.3 04 x (um)

Fig. 23. Schematic representation of a bidimensional MOSFET.
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If the reference axes are chosen parallel to the edges of the device. The silicon part of the MOSFET is rep-
resented by the numerical domain

[0,0.4] x [0,0.4]
and at the top of the silicon part the silicon oxide domain is
[0.125,0.275] x [0.4,0.42],

where the length is in pm.
The regions of high-doping n™ are the subset

[0,0.1] x [0.35,0.4] U[0.3,0.4] x [0.35,0.4].

A uniform mesh of 64 x 64 grid points has been used.

We have assumed ohmic contacts on the source, drain, gate and bulk base contacts, homogeneous Neu-
mann conditions on the remaining part of the boundary. The surface charge at the oxide interface is neglected
and the continuity of the electric potential and electric field is imposed. The values of density and energy at the
interface are obtained by the interior grid points with a linear interpolation in the direction orthogonal to the
boundary.

In order to reach the desired bias, we have needed to resort to a continuation method on applied potential.
First, we iterate with respect to the difference of the built-in potential between drain and bulk contacts, keep-
ing at zero Vps. Then we iterate with respect to the drain—gate potential and finally we increase the drain—
source potential.

The 2D solution of the MEP model is plotted in Figs. 24-28 for Vps =1V and Vpg = 0.8 V. All the main
features of the electron dynamics are well described, in particular the charge accumulation beside the oxide
and the pronounced depletion at the drain contact due to the strong electric field (a similar result was been
obtained in [5], Fig. 26). We note an effect of heating in the bulk.

Again the density current presents a singularity at the first edge of drain and therefore we evaluated the
current by considering, as for MESFET, the regularization from the interior (see Fig. 29). The characteristic
curves for several Vpg are shown in Fig. 30.

25—

y—electric field (V/micron)

R
\\:\‘N

0 0.5

Fig. 28. Stationary solution for the y-component of the electric field in MOSFET (V/um) for Vps=1V and Vpg=0.8 V.
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Fig. 29. y-Component of the density current (mA/pm?) at y = 0.4 pm. The dashed line is the density current given by (52), the continuous
line is the regularization from the interior given by (53). Note the singularity at the source for x = 0.3 um.
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Fig. 30. Drain current I'p (A/cm) for Vpg =0.5, 0.8, 1, 1.2, 1.4 V. The current increases as Vpg increases.
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7. Conclusions and Acknowledgments

The MEP energy-transport model for charge transport in semiconductor used in this article is free of any
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robust and guarantees accurate current conservation.
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Appendix A. Summary of the closure relations

In Table 3 we report the values of the physical parameters used in the simulations. Moreover for the sake of
completeness we summarize all the functions entering in the constitutive equations (5) and (6). For more
details, see [2-4].

Concerning the quantities U, F and G, one has

2 o]
U==— [ [601+a&)]*exp(=1"€)dé, (54)
3dy Jo
2 [ El6(1 +as)?
F= e ————F—dé& 55
3md, /0 R e ’ (35)

1 2(1 + aé
G = / exp(=2" ) |1+ 2040 | oon Tz ae. (56)
mdy Jy 3(1 4 206)

where 4" (W) is the expression of the Lagrangian multipliers relative to the energy. It depends only on W and
it is obtained by inverting the relation

W = fom(o@ E(1+a8)(1 + 208) exp(_)vW(gﬂ‘)d(go
- fox E(1+ aé)(1 + 208) exp(—1" &) dé& ‘

Note that U, F and G depend only on W as consequence of the fact that 2" is function of W alone.

The production terms are the sum of the term due to the elastic scatterings (acoustic phonon scattering) and
that due to inelastic phonon scatterings. Therefore the production matrix C = (c;) is given by the sum
C = C@9 4 cp). '

Concerning the acoustic phonon scattering, the contribution to the energy balance equation is zero while

the production matrix C® = (c/*) can be written as C* = A®“B. The coefficients b; of the matrix B are

i

given by

Table 3

Values of the physical parameters

me (g) Electron rest mass 9.1095 x 10728
m* Effective electron mass 0.32m,

T (K) Lattice temperature 300

p (g/em’) Density 2.33

vs (cm/s) Longitudinal sound speed 9.18 x 10°
E4 (eV) Acoustic-phonon deformation potential 9
a(eVh Non-parabolicity factor 0.5

€ Si relative dielectric constant 11.7

€ro SiO; relative dielectric constant 3.9

€o (C/V um) Vacuum dielectric constant 8.85x 10718
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an ap ap
11 A1 2= e 22 A
with
2p, 2p, 2p, 2
= —-— = - — = — A = —_
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The coefficients of the matrix A®° read

exp(—=A"0¢&)dg, k=0,1,....

ac Eac o

a® = i EX(1 + &) (1 + 2a8) exp(— 21" &) dé,
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Concerning the non-polar phonon scattering the production term of the energy balance equation is given by

Cy = ZZZICWA, where for each valley

3 Kop 1 1 Ao
=3 4 (nB+2¥2)[exp<j:k TLHFA hwnp> 1]
with

ni:/ EN A/ EN+ab)(1 + 2a8) exp(—
fionpH (151)

Wi =\ (6 % hog)[1+ o6 = hoog)][1 4 22(6 + hooyy)]

Cw,

Awg) dég,

and
— 8mV2(m) Ky (DK)?
Knp —37 Knp
3h 82wy,
H is the Heaviside function
1 if x >0,
H(x) = .
0 otherwise.
The coefficients of the production matrix C™ = (")) are given by c<"p S8, gy
C"P) = A™P)B where the matrix A has components

NP1+ a&) exp(—i" &) dé,

n np ‘
ng+=F ) /
( 2 2 h(/)an(1¢l)

(61)

). For each valley one has

(64)
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11\ [~ &1+ a8)™?
aP = NP0 exp (=47 6)dé, 66
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K 11\ [> EP(1 + a&)?

(np) np "W

— 4o 2T exp(—A"6)dé. 67
Ay md, 4 (7’13 3 + 2) /hwan<l¥1> + 11 208 Xp( A ) ( )

The coupling constants and the values of the phonon energy for each valley are reported in Table 4 [32].

In order to speed up the computation all the integrals giving the expression of U, F, G, Cy,and c; have been
evaluated with standard Gaussian quadrature formulas and tabulated versus the energy W. In the numerical
code the needed vales of U, F, G, Cy, and c;; are reconstructed via interpolation.
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